Unital Full Amalgamated Free Products of MF 

Algebras 

Qihui Li Junhao Shen* 

June 15, 2010 

Abstract 

In the paper, we consider the question whether a unital full free prod- 
uct of MF algebras with amalgamation over a finite dimensional C*- 
algebra is an MF algebra. First, we show that, under a natural condi- 
tion, a unital full free product of two separable residually finite dimen- 
sional (RFD) C*-algebras with amalgamation over a finite dimensional 
C*-algebra is again a separable RFD C*-algebra. Applying this result on 
MF C*-algebras, we show that, under a natual condition, a unital full free 
product of two MF algebras is again an MF algebra. As an application, 
we show that a unital full free product of two AF algebras with amalga- 
mation over an AF algebra is an MF algebra if there are faithful tracial 
states on each of these two AF algebras such that the restricitions on the 
common subalgebra agree. 

1 Introduction 

The concept of MF algebras was first introduced by Blackadar and Kirchberg in 
[3]. If a separable C*- algebra ^ can be embedded into A^„^ (C) /X^fc-^n^ ('^) 

k 

for a sequence of positive integers {nk}^^^ , then A is called an MF algebra. 
Many properties of MF algebras were discussed in [3]. For example, it was 
shown there that an inductive limit of MF algebras is an MF algebra and every 
subalgebra of an MF algebra is an MF algebra. This class of C*-algebras is 
of interest for many reasons. For example, it plays an important role in the 
classification of C*-algebras and it is connected to the question whether the Ext 
semigroup, in the sense of Brown, Douglas and Fillmore, of a unital C*-algebra is 
a group (see the striking result of Haagerup and Thorbj0rnsen on Ext{C*{F2)). 
This notion is also closely connected to Voiculescu's topological free entropy 
dimension for a family of self-adjoint elements unital C*-algebra 

A US]. 
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The class of MF algebras contains all residually finite-dimensional C*-algebras 
and quasidiagonal C*-algebras. Recall that a C*-algebra is said to be residually 
finite-dimensional (RFD) if it has a separating family of finite-dimensional rep- 
resentations. In [S], Choi showed that the full C*-algebra of the free group on 
two generators is RFD. Later, in [T^, Exel and Loring showed that the unital 
full free product of two unital RFD C*-algebras is RFD. In the same paper they 
gave several equivalent conditions for the RFD property. In [1], Armstrong, 
Dykema, Exel and Li characterized the RFD property of unital full amalga- 
mated free products of finite dimensional C*-algebras, which extends an earlier 
result by Brown and Dykema in [5]. 

Quasidiagonal operators on separable Hilbert spaces were defined by P. R. 
Halmos [21] as compact perturbations of block-diagonal operators. A gener- 
alized notion of quasidiagonal operators to sets of operators is the concept of 
quasidiagonal sets of operators. A C*-algebra A is quasidiagonal (QD) if there 
is a faithful representation p such that p (A) is a quasidiagonal set of operators. 
This class of C*-algebras has been studied for more than 30 years. In [3], it has 
been shown that a full free product of two unital QD C*-algebras amalgamated 
over units is QD. 

In this paper, we consider the question whether a unital full amalgamated 
free product of two RFD C*-algebras, or two MF algebras, with amalgamation 
over a common C*-algebra is, again, an RFD C*-algebra, or an MF algebra 
respectively. One example (see Example 2.1) is given to show that the answer 
to this general question is no. Under natural restrictions, we are able to provide 
an affirmative answer when we consider a unital full free product of two MF 
algebras (or two RFD C*-algebras, two QD C*-algebras) with amalgamation 
over a full matrix algebra. Our main results about unital RFD C*-algebras are 
as follows: 

Theorem 4.1 Let A, B be unital RFD algebras and 2? be a finite-dimensional 
C*-algebra. Let ij^j^^ : V ^ A and tpg : V ^ B he unital embeddings. Let A*^B 

be the corresponding unital full amalgamated free product. Then A*^B is RFD 

if and only if there is a sequence of positive integers with unital em- 

beddings qi : A-^l\n=i'^kA'C) and : B ^l\'^^^Mk„i<C) such that the 
following diagram commutes 



Corollary 4.1 Suppose that A is RFD and D is a unital finite-dimensional 
C*-subalgebra of A. Then A*vA is RFD. 

Theorem 5.1 Let A and B be unital MF- algebras and 2? be a finite- 
dimensional C*-algebra. Let ip^ : V A and -02 '■ ^ B he unital embed- 
dings. Then A*B is an MF algebra if and only if there is a sequence {kn}'^^i 



B n n: 




A 

r 



■oo 



m — 1 
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of integers with unital embeddings qi : A ^Yl'^^-^ Mk„{C)/ Mk„{C) and 

n=l 

oo 

q2 : B ^ nJ^i -^kr, (C) / -^fcn ('^) '^uch that the foUowing diagram commutes 

Tl=l 

P ^ A 



When the common C*-algebra V is an AF algebra, we obtain following 
results. 

Theorem 5.3 Suppose that AZ) T> d B arc unital inclusions of unital MF 
algebras where V is an AF algebra. Then the unital full free product A*v B 
of A and B with amalgamation over V is an MF algebra if and only if there 
is a sequence of positive integers such that the following diagram is 

commutative 

V C A 

n n 

B c n-Mfc„(C)/E„Xfc„(C) 

n 

Theorem 5.4 Suppose that A D V C B are unital inclusions of AF C*- 
algebras. If there are faithful tracial states tj[ and rg on A and B respectively, 
such that 

ta{x) = tb{x), y X eV, 

then A*v B IS an MF algebra. 

Corollary 5.2 Suppose that A^ V C B are unital inclusions of C*-algebras 
where A, B are UHF algebras and V is an AF algebra. Then A*B is an MF 

algebra if and only if 

TA (z) = TB {x) for each z gV, 

where and rg are faithful tracial states on A and B respectively. 

A brief overview of this paper is as follows. In Section 2, we recall the 
definitions of MF algebras and unital full amalgamated free product of unital 
C*-algebas. One example is given at the end of the section to show that a 
unital full amalgamated free product of unital MF (or RFD, QD) algebras may 
not be MF (or RFD, QD) again. Section 3 contains definitions and some basic 
properties of quasidiagonal operators, quasidiagonal sets of operators and QD 
C*-algebras. This section is designed to make the paper self-contained. Section 
4 is devoted to results on the full amalgamated free products of unital RFD C*- 
algebras. In Section 5, we first consider unital full free products of unital MF 
algebras with amalgamation over finite-dimensional C*-subalgcbras. Then we 
consider the case when a common unital C*-subalgebra is an infinite-dimensional 
C*-algebra. More precisely, we consider a case when the common unital C*- 
subalgebra is an AF algebra. 
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2 Definitions and Preliminaries 



2.1 Noncommutative polynomials 

In this article, we always assume that all C*-algebras are unital separable C*- 
algcbras. Wc use notation C*(.ti,.X2, ■ • ■) to denote the unital C*-algebra gen- 
erated by {xi,X2, • • • } • Let C(Xi, . . . , X„) be the set of all noncommutative 
polynomials in the indeterminants Xi, . . . , X„. Let Cq = Q + iQ denote the 
complex-rational numbers, i.e., the numbers whose real and imaginary parts 
are rational. Then the set Cq(Xi, . . . , X„) of noncommutative polynomials 
with complex-rational coefficients is countable. Throughout this paper we write 

C(Xi,X2,...) =U^^iC(Xi,X2,-.-X„) 

and 

Cq(Xi,X2,---) = U^^;^CQ(Xi,X2,---Xm). 

Let {Pr}^i be the collection of all noncommutative polynomials in Cq(Xi, X2, ■ • • ) 
with rational complex coefficients. 



2.2 Blackadar and Kirchberg's MF Algebras 

We will recall an equivalent definition of MF algebras and some basic proper- 
ties. Let us fix notations first. We assume that "H is a separable complex Hilbert 
space and B{'H) is the set of all bounded operators on T-L. Suppose {x,Xk}kLi 
is a family of elements in B{'H). We say Xfc — >■ a; in *-SOT (*-strong opera- 
tor topology) if and only if Xfc — > x in SOT and .x^ — > x* in SOT. Suppose 

{xi, . . . ,Xn} and {x'^i \ ■ ■ ■ , a^rf^}^^! are families of elements in B{'H). We say 
{x^^\ . . . ,x^^^) ^ {xi, . . . ,Xn) in *-SOT, as fc —>■ 00 



if and only if 



a;-''^ ->■ Xi in * -SOT, as k ^ 00, V 1 < i < n. 



Suppose ^ is a separable unital C*-algebra on a Hilbert space H. Let 'H°° = 
(Bn^- and, for any x € A, let x°° be the element (BnX = {x,x,x, . . .) in 
rifeeN'^''') C B{n°°), where .4^'=) is the A;-th copy of A. 

Suppose {A^fe„(C)}^i is a sequence of complex matrix algebras. We intro- 
duce the C*-direct product U.'^=i-Mk^{C) of {Mk^{C)}^^-^ as follows: 

OC 

H MkAQ = {(W=i I Vn > 1, r„ e Mk^C) and i|| = sup||y„|| < 00}. 

n=l 

Furthermore, we can introduce a norm-closed two sided ideal in HJ^Li ■^fe„('C) 
as follows: 

00 ^' oc ^ 

Y^MkAC) = {Y„)Zi e n ■^^r.ic) ■■ Jim = I . 

n=l I n=l n 00 J 
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Let TT be the quotient map from n^=i ^^^^(C) to H^T^i -^fc,.(C)/ E -^/c„(C). 

n=l 

Then 

OO CSO 

n— 1 n— 1 

is a unital C*-algebra. If we denote tt ((^n)^i) by [(l^n)^], then 

||[(y„)j|| = iimsup||r„||. 

Now we are ready to recall an equivalent definition of MF algebras given by 
Blackadar and Kircliberg [3]. 

Definition 2.1 (Theorem 3.2.2, J^) Let A be a separable C*-algebra. If A can 

OO 

be embedded as a C*-.subalgebra o/ J^^^j^ A^fe^(C)/ ^ A^fc„(C) for a sequence 

n=l 

'^f integers, then A is called an MF algebra. 

The following Theorem is one of the key ingredients for showing our main 
results in this paper. 

Theorem 2.1 (Theorem 5.1.2, 1151) Suppose that A is a unital C* -algebra gen- 
erated by a sequence of self-adjoint elements Xi,X2, ■ ■ ■ in A. Then the following 
are equivalent: 

1. A is an MF algebra 

2. For each n Cz N, there are a sequence of positive integers {mk}'^i and 
self-adjoint matrices A^'^-' , • ■ • , ^n'' in -^m"' (C) for k — 1,2, . . ., such that, 

VPeC(Xi,...,X„), 

hm \\PiA['\...,Al^^)\\ = \\Pix^,...,x„)l 

A:— >oo 

where C{Xi, . . . ,Xn) is the set of all noncommutative polynomials in the 
indeterminants Xi , . . . , Xn • 

The examples of MF algebras contain all finite dimensional C*-algebras, AF 
(approximately finite dimensional) algebras and quasidiagonal C*-algebras. In 
[13], Haagerup and Thorbj(/)rnsen showed that C* (Fn) is an MF algebra for 
n > 2. For more examples of MF algebras, we refer the reader to [3] and [T5] . 

2.3 Definition of Full Amalgamated Free Products of Uni- 
tal C*-algebras 

Recall the definition of full amalgamated free product of unital C*-algebras as 
follows. 
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Definition 2.2 Given C*-algehras A, B and T) with unital embeddings (injec- 
tive * -homomorphisms) ip^ : V ^ A and ipig : V ^ B, the corresponding full 
amalgamated free product C*-algebra is the C*-algebra C, equipped with unital 
embeddings cr^ : A ^ C and : B ^ C such that o'j^otjjj^ — crgo^/jg, such thatC 
is generated by a a (-^) U <7b (B) and satisfying the universal property that when- 
ever £ is a C*-algebra and tt^ : A £ and ttq : B ^ £ are * -homomorphisms 
satisfying 7r_4 o ijj^ = Trg o ■j/ig, there is a ^-homomorphism tt : C — 5- £ such that 
TT o a^i = TT^ and o as — t^b- The full amalgamated free product C*-algebra C 
is commonly denoted by A*B. 

When D = CI, the above definition is the unital fuU free product A*cB oi 
A and B. The following theorem is certainly well-known, and we will give its 
proof for the purpose of completeness. 

Theorem 2.2 Suppose that A, B and V are unital C*-algebras. Then 

(^«)max2?) * (S(8)max2?) = (-4*s) ®max V. 

Proof. From the definition of unital full free product, we can get two natural 
unital embeddings 



TTl : y^(»max2? ^ { A*B] ®m^^V 



71-2 : S«),nax2^ ^ A*B «)max 'D 



and 



from ^(EimaxZ^ and K^maxZ^ into (^A*p^ ®inax respectively. It is clear that 

the restrictions of tti and 7r2 on I ® V agree, i.e., Trij/^p = 7r2|/^r). Sup- 
pose /C is a C*-algebra acting on a Hilbert space T-L such that there are two *- 
homomorphisms qi : ^®maxZ^ IC and (72 : ^B^maxI? ^ IC satisfying qi\i^v = 
q2\i^v- It implies that qi {A T) commutes with qi {I ®'D)u\K, and q2 {B (g) I) 
commutes with 92 (I T)) in /C. Let M = ICD {qi (1 (g) V))' = /Cn (92 (1 ® V))' . 
Since qi {A <E) I) and (72 (S Cg I) are subalgebras of Ai , there is a *-homomorphism 
q : A*B M- hy the definition of unital full free product. Moreover, the im- 
age q{A*cB) of A*cB under q commutes with qi {I (g) V) in /C. From the def- 
inition of maximal C*-norm on tensor product of two C*-algebras, there is a 
*-homomorphism 

q : ®„,ax V^IC. 

such that g o TTl = (?i and q o 7^2 = q2- The desired conclusion now follows from 
the definition of full amalgamated free products of unital C*-algebras. ■ 

Combining the following Theorem and preceding result, we are able to obtain 
our first result about unital full amalgamated free product of MF algebras, that 
is Proposition 12.11 



Theorem 2.3 (Theorem 5.1. 4-, U5f ) Suppose {Ai : i ^ N} is a countable fam- 
ily of separable MF C*-algebras. Then the unital full free product A — *cAi is 
an MF algebra. 
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Proposition 2.1 Let A and B be separable unital C*-algebras. IfD can be em- 
bedded as a unital C*-subalgebra of A and B respectively, andV is *-isomorphic 
to a full matrix algebra Mn (C) for some integer n, then the full amalgamated 
free product A*B is an MF algebra if and only if A and B are both MF. 

Proof. If A*B is a unital MF algebra, then it is easy to see that A and B are 

MF. On the other hand, since V is *-isomorphic to a full matrix algebra, from 
Lemma 6.6.3 in [22], it follows that A = A! ®V and B = B' ®V where A! and 
B' are C*-subalgebras of A and B respectively. Therefore A' and B' are MF as 
well. Then the desired conclusion follows from Theorem 12.31 and 12.21 ■ 

Recall that a separable C*-algebra TZ is said to be residually finite-dimensional 
(RFD) if for each x € TZ there exists a *-homomorphism tt : TZ B such that 
dim (B) < oo and tt (x) ^ 0. It is easy to see that such algebras have a faithful 
representation whose image is a block diagonal set of operators. The Proposi- 
tion 12.11 is stated for unital MF algebras, but same conclusion holds when we 
consider unital RFD C*-algebras or unital quasidiagonal C*-algebras (we will 
recall the definition of quasidiagonal C*-algebra later). 

Lemma 2.1 (Theorem 4--2.,\TI) Consider unital inclusions of C*-algebras A^T) Q B 
with A and B finite dimensional. Let A*B be the corresponding full amalga- 
mated free product. Then A*B is residually finite dimensional if and only if 

there are faithful tracial states tj, on A and tb on B whose restrictions on V 
agree. 

Remark 2.1 Combining Lemma \ 2.1\ and the fact that each RFD C*-algebra 
has a faithful tracial state, it is not hard to see that A*B is RFD if and only if 

A*B has a faithful tracial state. 

V 

In [12] , Exel and Loring showed that the unital full free product of two RFD 
C*-algebra is RFD, which extends an earlier result by Choi in [8]. In [4], Boca 
showed that the unital full free product of two quasidiagonal C*-algebras is also 
quasidiagonal. The analogous result for MF algebras is given in [TS]. Lemma 
12.11 characterizes when a full amalgamated free product of finite dimensional 
C*-algebras is RFD, which extends an earlier result by Brown and Dykema in 
[5]. So from Proposition 12. II and the above results, it is natural to ask whether 
a full amalgamated free product of unital MF (or RFD, quasidiagonal) algebras 
is always MF (or RFD, quasidiagonal). For the case when V is *-isomorphic to 
a full matrix algebra, we know that A*B \s MF (or RFD, quasidiagonal) if and 

only if A and B are both MF (or RFD, quasidiagonal) by Proposition 12. II But 
the following example shows that a full amalgamated free product of two MF (or 
RFD, quasidiagonal) algebras may not be MF (or RFD, quasidiagonal) again, 
even for two full matrix algebras with amalgamation over the two dimensional 
C*-algebra C © C. 
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Example 2.1 Let D =C ® C. Suppose ip^:V ^ M2 (C) and : V ^ M3 (C) 

are unital embeddings such that 



(^^(1©0)=( J Jj ) and(^2(l®0) = ( 



1 





Then AA2 {C) ^M.^ (C) is not an MF algebra (therefore it is not RFD or qua- 

sidiagonal) . Actually, if we assume that M2 (C) *A^3 (C) is an MF algebra, 

then there exists a tracial state t on (C) *A^3 (C) . So the restrictions of t 

on A^2 (C) and AI3 (C) are the unique tracial states on M.2 (C) and (C) 
respectively. It follows that t {^p-^ (1 0)) = ^ 7^ r {}P2 (1 © 0)) = | which con- 
tradicts to the fact that ip^ (1 © 0) = Lp^ (0 ® 1) in M2 (C) *M3 (C). Therefore 

M2 (C) *M3 (C) is not MF. 
v 



3 Basic Properties of Quasidiagonal Algebras 

The proof of one of our main theorems is based on the understanding of quasidi- 
agonal C*-algebras. Therefore, we wih recah some resuhs about quasidiagonal 
C*-algebras for the reader's convenience, but we will not give their proofs. We 
refer the reader to [6] for a comprehensive treatment of this important class of 
C*-algebras. 

Definition 3.1 A subset il C B{'H) is called a quasidiagonal set of operators 
if for each finite set S C fl, finite set F C Ti and e > there exists a finite rank 
projection P G B{l-L) such that \\SP - PS\\ < e and \\Px - a;|| < e for all S e S 
and X F. 

Definition 3.2 A C*-algebra A is called quasidiagonal (QD) if there exists a 
faithful representation n : A B{'H) such that tt [A) is a quasidiagonal set of 
operators. 

Definition 3.3 Let ir : A ^ B{'H) be a faithful representation of a C*-algebra 
A. Then tt is called essential if 7r(A) contains no nonzero finite rank operators. 

The next lemma is a fundamental result about representations of quasidiag- 
onal C*-algebras. 

Lemma 3.1 (Theorem 1.7, \25^ ) Let it : A ^ B{H) be a faithful essential 
representation. Then A is quasidiagonal if and only if tt{A) is a quasidiagonal 
set of operators. 

The following lemma is an important ingredient in the proof of Proposition 
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Lemma 3.2 (Lemma 2.1, fJW) Suppose that Ac. B{H) is a separable unital 
quasidiagonal C*-algebra and xi, - ■ ■ , x„ are self-adjoint elements in A. For any 
e > 0, any finite subset {/i, • • • , fr} of C (Xi, • • • , X„) and any finite subset 
■ ■ ■ iCr} ofH, there is a finite rank projection p in B{T-L) such that: 



ik-vik \ < WipXiP - Xt) < e, for all 1 < i < n and 1 < k < r; 



WfjipXiP,--- ,PXnP)\\s{p-H) - Wfji^ir-- ,Xn)\\ 



< s, for all I < j < r. 



Using Lemma 13.21 it is easy to see that all quasidiagonal C*-algebras are 
MF algebras. 

Lemma 3.3 (Proposition 7.4, 16, 7.4]) If {An} is a sequence of C*-algebras 
then Y\ An is QD if and only if each An is QD. 

The examples of quasidiagonal C*-algebras include all abelian C*-algebras 
and finite-dimensional C*-algebras as well as residually finite-dimensional C*- 
algebras. 



4 Full Amalgamated Free Products of RFD C*- 
algebras 

First, we will give the following well-known lemma. For completeness, we include 
the proof. 

Lemma 4.1 Given < e < 1 and n G N. For any two families of n pairwise 
orthogonal projections {Pi, ■ • • , P„} and {Qi, • • • , Qn} in ndimensional unital 
abelian C*-subalgebras A and B in B {%) with \\Pi ~ Qi\\ < {i — 1, ■ ■ ■ , n), 
there is a unitary U G B [T-L) with \\U — I\\ < e such that UPiU* — Qi for 
1 < i < n. 

n 

Proof. Define X — J2 QiPi - Let 5 = It is clear that X]"=i Pi = Qi — 

i—l 

I. Since \\Pi — Qi\\ < S and Pi — Qi is self-adjoint for each i, we have that 
Qi - Pi + 5 > 0. It follows that Qi > P, ~ 5 and 

n n 

X*X = P^Q^P^ > E iP^ ^ S) P^ 

i=l 1=1 



= ^P. -^5P, = (l-<5)/>0. 



Therefore X is invertible and > 1 — 5. Assume that X ^ U \X\ is the po- 

lar decomposition of X where \X\ = {X*X) ^ and [/ is a partial isonietry. Since 
X is invertible, we may assume that ?7 is a unitary without loss of generality. 
So it is not hard to see that 

1/2 



\x\-'~i 
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Meanwhile, we have < 1 from the construction of X and the fact that 

{Pi, • • • , Pn} and {Qi, • • • , Qn} are two families of n pairwise orthogonal pro- 
jections respectively. Therefore we have that 



\\u- 




- 1 \ + nS < {n + I) 6 = e. 



Since X = J2 QiPi: it is easy to see QiX = XPi for 1 < i < n, then Pi\X\ 
\X\Pi as well. So 



UP,,^X\X\ ^P=XPAX\ ' = 



^X\X\ ^ =Q,U. 



Therefore [7Pi[/* = Qi for 1 < i < n as desired. ■ 

The following lemma is a useful result concerning the representations of 
separable C*-algebras. First, we need to recall that the rank of an operator 
T G B {%) , denoted by rank(r) , is the dimension of the closure of the range of 
T. 

Lemma 4.2 (Theorem II. 5. 8., UOf ) Let A be a separable unital C*-algehra 
and TTi : A ^ B (Tii) be unital *-representations for i = 1,2. Then there exists 
a sequence of unitaries Um : Hi ^ H2 such that \\tt2 (a) — UmTTi (a) J7*J| — > 
(m —5- 00) for all a G A if and only if rank (tti (a)) = rank {tt2 (a)) for all 
ae A. 



Definition 4.1 Suppose Ti is a separable Hilbert space and F QH. For given 
e > 0, we say that 

{xi, ■ ■ ■ ,x„} Ce F 



for [xi 



yXn} Q'H if there are G -F such that 



max \\Xi 

l<i<n 



y^\\<^■ 



The following Lemma is a technical result. 

Lemma 4.3 Let A ^ T> C B be unital inclusions of separable C*-algebras and 
D be a unital finite- dimensional abelian C*-algebra. Suppose : A ^ B {%) 
and Pig : B ^ B (H) are representations of A and B with p_a.\v = Pb\'d on a 
separable Hilbert space H respectively. If there are two chains Fi Q F2 Q ■ ■ ■ 
and Gi C G2 ^ ■ ■ ■ of finite- dimensional subspaces of H satisfying dimF^: = 
dim Gfe for each k £ N such that each F^ is p_4 {A) invariant and each Gk 
is /9g (B) invariant, then there are sequences of representations {p'k}k-i '^'^'^ 
{Pk}'k'-i of A and B on a finite- dimensional Hilbert space Hk for each k such 
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that the restriction of on subspace Fk equals the restriction of pj^ on Fk , the 
restriction of Pj. on subspace Gk equals the restriction of pjg on Gk, i-e., 

Pk\Fk = PA\Fk' PklCk = PelCfc 

and the restrictions ofp'^ and'pf on V agree, i.e., 'Pk\v = Pfe|x>- 

Proof. Suppose that X> = C* (pi, ■ • ■ ,pt) where pi, ■ • ■ ,Pt are orthogonal pro- 
t 

jections with ^ pj = 7. Let = F/. + Gk. Note that Ek is pj^ {V) (= p^ {V)) 

i=l 

invariant. Let du = d\m{Ek), = (ft) Isfc and rj = rank (^pf^ . Let 

E'^ be any finite dimensional subspace of T-L that is orthogonal to Ek and 
has dimension d'j, = dim(£J^) so that dk + d'k = I ■ dimFfc = I ■ dimGfc and 

'"""1r4g'"'°^ ^fc + 4) = rank{p^{p,)\F,).l> n for i G {!,■•■ « f N. 
Then wc can find projections Q^, - ■ ■ ,Qt e B {E'f.) such that + • • • + = 
I E B {E'f,), and ri + r,- = rank {p^ {pi) If^) • I where = rank (Qi^ ■ Assume 
that nk = Ek + E'^. Since 

dim {Hk eFk) = {l-l)- dim Fk 

and 

rank ({p^ + Qf) |w,eF,) =ri+r\- rank {p^ (pi) |fJ 

= rank (p^ (ft) |fJ - 1) • 

Wc can construct a representation p^ : A^B{'HkQFk) with Pk^ (pi) = 
(^p!^ + lukeFk such that pjr^ is unitarily equivalent to the direct sum of Z — 1 
copies of the restriction of p-^ on Fk,i.e., P'^If^- Putting pj^^ (x) = p-^ (x) + 
p'lf (x) e B {%k) ■ Then 'pk (pi) = P^ + Qi- Similarly, wc can construct a rep- 
resentation pf by the same way such that (pi) = P!^ + Q^. This implies that 
there are *-representations pj, and satisfying 



PklFk = PA\Fk> PklCk = PelCfe 



1 ~A\ ~Bi 

and Pk \v = Pk\T>- 



We need one more technical result for showing our main results in this sec- 
tion. 

oo 

Lemma 4.4 Let A C B be unital inclusions of C*-algebras in W Mk„ (C) 

n=l 

oo 

andV be a unital finite- dimensional abelian C*-subalgebra of Y[ -^fen (C) . Sup- 

n=l 

pose $ : ■A.*^B — > B (%) is a faithful essential representation on a separable 
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Hubert space %. Then there are sequences {Pm}m— i '^'^'^ {Pm}m-i repre- 
sentations of A and B on Ti such that p^Jp = Pml'D '"^'^ 

\\Pm (^) ~ {^)\\ ^ /o^ Va G as TO — > c» 

(6) - $g (5) II for yb e B as oo. 

Moreover, for each to S N, we can find chains of finite- dimensional subspaces 
pra c C ■■■ and C C • • • of H with dim F™ = dim G^ such that 

oo oo 

eac/i -F™ zs (.4) invariant, each G™ is invariant and [J F™ , IJ G™ 

fe=i fc=i 

are &o</i dense in Ti. 

Proof. Suppose that V =C* (pi, • ' ' ^Pt) where pi, • • • ,pt are orthogonal pro- 
t 

jections with ^ = /. There are natural *-homomorphisms tt^ : A — > A^fc„ (C) 

i=l 

and TT^ : S ^ A^fc„ (C) for each n gN such that the direct sums of {T^n} ^-nd 
{tt^} are faithful respectively. We may assume that each tt^ and tt^ appear 
infinitely often in the lists {ttj^, ttj^, • • • } and {Trf , Trf , ■ • ■ } respectively so that 
we have an increasing sequence iVo = < iVi < iV2 < • • • such that tt^ and Trf 
appear at Nk position in {tt^, tt^, • • • } and {Trf , Trf , • • • } respectively. It is clear 
that direct sums of them are faithful representations respectively. Then there 
are representations ny^ : A ^ B [W) and irts : B ^ B [W) with a projection P/v^ 
for each A: G N such that Pjsif- reduces Tr_4 and TTg, the restrictions of tt^ and Trg 
to (P/Vfc — Pn^-i) ^) are unitarily equivalent to tt^ and Trf respectively, and 
Pat^ / in SOT as /c — > oo. Since 

ran/c tt^ (a) = ran/c <i>_4 (a) and ran/c tt^ (fo) = rank $g (6) 

for each a G A and b E B where <i>^ and <i>e are the restriction of $ on and 
B respectively, we can find sequences {Um}m=i ^^"^ {^ni}m=i '^^ unitaries in 
B {T-L) by Lemma [4.21 such that, for every a € A and b E B, we have 

WUmT^A (a) t^m ^ (a)|| — !- as TO — > OO 
\\WmTTB {b) W*^ - $g (6)11 as TO ^ oo. 
By the fact that <i>_4 [pi] — <i>e (pi) for every i G {1, • • • , , it follows that 

||C/m7r^ [Vi] U*n - W^TTB [Pi) W^\\ ^ as (to ^ oo) . 

From Lemma |4.1[ there is A/q G N such that for every to > Mq, there is a 
unitary and £,„ satisfying \\Vrn — I\\ < fm, — ^ (to ^ oo) and 

k:w^™^s (k) w;„Kr. = c/mTT^ (p,;) [/,; 

for each j G {1, • • • ,t}. Without loss of generality we can assume that, for each 
TO G N, there is a Vm and e„i such that \\Vm — I\\ < Cm and 

V:^Wm7rB {P^) Wly^ = f/^TT^ (p,) [/,; 
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Meanwhile, we still have 

IICW^m^B (b) W:^Vra ~ (6)11 OS TO ^ OO. 

Let (a) = U,nT^A (a) U*^ and pf„ (6) = F,;T^„,7re (6) W^;:,^™ for each m £ N. 
It is clear that p^|-d = Pmli? 

||Pm l'^) ^ '^'^ ('^)|| — > as TO — > oo 

(6) - $e (&)|| ^ as TO ^ oo. 

Putting = UmPN,U*^{n) and G'," = F„*,W„PAr, W^F™ (7^) . Note that 
dimF™ = dimG"^". We also have C F™ C • • • and G^" C G^" C • • • are 
chains of finite dimensional subspaces of %, and each F™ is p;^ („4) invariant, 

oc 

each G™ is (S) invariant. Since Pm^. — > / in SOT as fc — J> oo, we have IJ F™ 

fc=i 

oo 

and U G™ are both dense in %. This completes the proof. ■ 

From Lemmas 14.31 and 14. 4[ we are able to obtain the next result which is a 
key for proving our main result in this section. 

oo 

Proposition 4.1 Let A D V C B be unital C*-inclusions of C*-algebras m J| 

n=l 

and V is a unital finite- dimensional abelian C*-subalgebra. Then A*B is RFD. 

Proof. Suppose that V —C* (pi, • • • ,pt) where pi, ■ • • ,pt are orthogonal pro- 
t 

jections with "^Pi = I. Suppose <i> : A*B —5- B {H) is a faithful essential rep- 

i=i ^ 
resentation on a separable Hilbert space H. Then by Lemma 14.41 there are 

sequences {p:^} and {p^} of representations of A and B on Ti such that 

Pmh = Pm\v and 

||Pm (l^) ~ '^'^t ('^)|| — as TO OO 

(6) - $e (6) II as TO ^ oo. 

Moreover, for each m G N, we can find chains of finite-dimensional subspaces 
pra g ^™ c ••• and G5" C G^' C ••• of 7^ with dimF™ = dimG^ such 

oo 

that each F™ is [A) invariant, each G™ is (S) invariant, and IJ F™, 

fc=i 

oo 

IJ G™ are both dense in %. Then, for each to G N, there are sequences of 

k=l 

{^ oo r 'I oo 

Pm k( ^^'^ {Pm k( oi A and B on a finite-dimensional 

Hilbert space Tim.k by Lemma l473l such that 

~A \ A\ ~B \ B \ 

Pm,k\Fr - Pm I ' I ~ ^™ I Gr 
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and Pm,k\T' = Pm,k\T' for each fc € N. Wc first take representations pf i, p^i of 
A and B on Hi respectively. Then pf ^ {pi) = p^^^ [pi) and 

Next we can find F? and G? such that 

where {Ci?''' jCti} ^^^d {'7ir'' ; '7ti } ^-rc linear bases of and G\ respec- 
tively. Moreover, we have representations p^j^iPj of A and B on such 
that (pi) = p^;^ (pi) and 

P2,h\F^ = P2 \f^ , P2,h\Gf = P2 \Gj ■ 

Sequentially, we can find F^^ and Gf^ satisfying 

where {^i,-- - 1^(2} and {r/^, • • • jr/^^} are hnear bases of F^^ and Gf^ respec- 
tively. Meanwhile, representations p^;^ , P3 of ^ and B are both on Hf^ with 



Ps.ial^' =/'3!i3l2' and 



P3,h \f^„ = P3 iFj'^ ' P3,l3 Icfa = P3 Icf 



So from the above construction, wc can find a sequence \pmi \ of repre- 

Pm,im. f of representations satisfying Pm,i„, (Pi) = 

00 00 

PmjmiPi) fo"^ each m e N. We still have that U U ^re both 

m=l m=l 

dense in 'H. Let Pm,J™ ■ -^^^ ^ ^ i'^lZ.) ^® *-representation such that 

Pm.uU = Pm,u and P„j,;„|b = Pm,^- ^c want to show that, for a given 
X G and any e > 0, there is /c e N such that 

||pfc,/, (a;)|| > ||a;|| - e. 
This will suffice to show that is RFD. Write a; = Wi H I-wm as the sum 

V 

of finitely many words Wi in A and B. Assume ^ € is a unit vector such that 
P (2;) Cll > IICII - f • We will show that for every i € {!,■■■ ,M} , there is k {i) 
such that if k > k{i), then 

\\pk,i, <e/2M. 
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Taking k > maxi<i<M k (i) , this will imply (x) ^ — $ (a;) ^|| < e/2, which 

will yield what we want. To show it, write 

Wi = aiai-i ■ ■ ■ a2ai 

for some / e N and ai, - ■■ ,ai e AU B. Let = ^, = $ (a^) ^^^^ (1 < j < 
and N = maxi<j<; ||aj|| . Choose k large enough to ensure that 

max {dist i^j-i,Fi1) , dist GfJ) < e/ [UMN'-^) 

and 

(aj-)ll < g/MAT'-i if%e^ 

or 

11^ - Pk II < g^^^,-i if % G S 

for any j e {1, • ■ • , Z} . Let rj GH.If a,- e let r?j. = Ppk (r?) e , then 

\\^{0'j)v-Pk,h ^ W^Mv-Pkd, {aj)Vk\\ + ||Pfe,ifc MVk -Pk.i, 

< 11$ (aj) ?7 - $ (flj) 77fe + $ (aj) rj^ - 7>k,ik ("j) ^k\\ 

+ \\Pkh M^k -Pk,h 

< 2 ||a, II dist (t?, FIi) + 11$ (a,) r/^ - (a^) r/^H 
<2|K-||d».t(7?,F*:) + ^^^'^,_, ||r?,|| 

Similarly, if o,- e B, then let r]i^ = PQk (ry) £ Gf , then 

'k " 

II* ("i) ^ - PkU i^j)4 ^ 2 ||a,- II dtst (r,, GfJ + ||r?,|| 
Therefore 

||*(M^i)? - P^fe (■^i)^! = II* •• - as) $(ai)Co -Pfejfc (a;a/-i •• - 02)^^ (oi)^, 

< ||$(aja;_i •••a2)$(ai)Co -pfe,^ (a;a;_i • • • 02) $ (ai) Co 
+ Pk {am-i • • • 02) $ (ai) Co - (a,ai_i • • • 02) Pk (ai) Co 

< 11$ (a/a;_i •• - 02)^1 -Pk,ik • • •a2)Ci|| 

+ ||Pfe,/, (a/ai_i •■•02)11 ||$(ai)Co -Pfe,/, (ai)^o|| 
i-i 



^ Yl \\fk,ik II* K) - /'Mfe K)^j-i| 



i=i 



i=i 



(max {dist {^^_„Ft^),dzst fe_i,Grj) + ^[^1^'-' \M 



e 

2M 
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It follows that A* Bis RFD. ■ 

V 

The following lemma can be found in [5]. Combining previous lemmas and 
the lemma below, we are able to state and prove our main result about unital 
RFD algebras. 

Lemma 4.5 (Lemma 2.2., J^) Let A and B he unital C*-algehras having V 
embedded as a unital C*-subalgebra of each of them. Let 

C = A*B 

V 

be the full amalgamated free product of A and B over V. If there is a projection 
p V and there are partial isometrics wi, • ■ • ,Vn G such that v*Vi < p and 

n 

'^ViV* — 1 — p, then 

i=l 

pCp = (pAp) * (pBp) . 

pT>p 

Remark 4.1 Suppose A is a unital C*-algebra and suppose there is a projection 
p £ A and there are partial isometrics fi, • ■ • ,f„ G ^ such that v*Vi < p and 

n 

'^ViV* — I — p. By emulating the argument in the proof of Lemma 2.1 in fSj^, 
we know that A is MF if and only if pAp is MF. 

Theorem 4.1 Let A, B be unital RFD algebras and V be a finite- dimensional 
C*-algebra. Suppose tpj^ : V ^ A and ip^ : V B are unital embeddings. Then 
A*B is RFD if and only if there are unital embeddings qi : A —^'Jl^i ■^k„{'C) 

and q2 : B — > Jli^i -^/cn (^) /o*" o, sequence {fcn}^i of integers such that the 
following diagram commutes 



B ^ n™=i-Mfe,„(c) 

Proof. If A*B is RFD, then there is a unital embedding $ : A*B l\n=i (C) 

for a sequence {kn}'^^i of integers. Let qi and q2 be the restrictions of $ on ^ 
and B respectively. Then the above diagram is commutative. Conversely, we 
may assume that A, B are unital subalgebras of YV^^iMk^i^) for a sequence 
{kn}^^i of integers and A ^ V C B are unital inclusions of C*-algebras. Since 
V is a finite-dimensional C*-subalgebra, we can find a projection p G V and 

n 

partial isometries ui, • • • , £ D such that v*Vi < p and '^ViV* = 1—p. There- 

1=1 

fore, for showing A*B is RFD, it is sufficient to show that PAP *pdp PBP is 

V 

RFD by Lemma [4.51 and Lemma 2.1 in [S]. Since PVP is a finite-dimensional 
abelian C*-algebra. Then the desired result follows from Proposition 14. II ■ 
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Corollary 4.1 Suppose that A is RFD and T) is a unital finite- dimensional 
C*-suhalgehra of A. Then A*t>A is an RFD C*-algehra. 

Proof. It is clear by Theorem 14. II ■ 

Example 4.1 Let Aik (C) 3 2? C A^; (C) be unital inclusions of unital C*- 
algehras. If trk\v = tri\v where trk and tri are tracial states on A^fe (C) and 
M.I (C) respectively, then there exists an integer n and there are two unital 
embeddings qi : Mk (C) — )■ Mn (C) and 92 : Mi (C) -> Mn (C) such that 
QiId = 92 I'D- It implies that there is a commutative diagram which is same as 
the one in Theorem Therefore A^fc(C) *t> -Mi (C) is RFD. In fact, this 

result has been proved in f^. 

Remark 4.2 From the previous example and the fact that every MF algebra 
has a tracial state, it is not hard to see that A4k (C) *v M-i (C) is RFD if and 
only if Mk (C) *x> Mi (C) is an MF algebra. 

5 Full Amalgamated Free Product of Unital MF- 
Algebras 

5.1 D Is A Finite-dimensional C*-algebra 

In this subsection, we consider unital full free products of unital MF algebras 
with amalgamation over finite-dimensional C*-algebras. To state and prove our 
main result, we need following lemmas. 

Lemma 5.1 Suppose A ~C*{xi, X2, • • • ) and B =C*{yi,y2, • • • ) are unital C*- 
algebras. Then there is a unital *-homomorphism from A to B sending each Xk 
to yk, if and only if, for each ^-polynomial P £ Cq (Xi, X2, • • • ) , we have 

\\P{xuX2,---)\\ > ||P(yi,2/2,---)ll- 

The following lemma is a generalized version of Lemma 14.21 

Lemma 5.2 (Theorem 5.1., J16}/) Suppose A is a separable unital C*-algebra, 
Hi, T-L2 are separable infinite- dimensional Hilbert spaces and Hi : A ^ B{H^) 
are unital *-representations for i = 1, 2. If for each x G A, 

rank{Tii{x)) < rank {^2 (x)) , 

then there is a sequence {Un} of unitary operators, Un ■ Hi — > H2, such that, 
for each x G A, 

U*T:2 (x) Un TTi (x) * -SOT 

as n —i> 00. 

The following lemma can be found in ^13) . which concerns some elemen- 
tary and useful facts about elements in ultraproducts of C*-algebras and their 
representatives. 
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Lemma 5.3 (Proposition 2.1, JlSf) Let Ai, i E Z,, be unital C*-algehras and a 
an ultrafilter on Z. Then 

a 

1. If P is a projection in Yl-^h then there are projections Pi in Ai such that 

a 

2. If P = [{Pi)] , Q — [{Qi)] are in Yl-^i and all Pi, Qi are projections and if 

a 

V ^Yi-^i is a partial isometry with V*V — P and VV* — Q, then there 
are Vi in Ai such that, eventually along a,Vi*Vi — Pi and ViV/* — Qi; 

a 

3. If P = [{Pi)] eY\Ai and each Pi is a projection, and if Q is a projection 

a 

in Y\ Ai such that Q < P, then there are projection Qi € Ai with Qi < Pi, 
such that Q = [(Q/)] . 

To show our main result, we need the foUowing technical results. 

Lemma 5.4 Let AZ) V C B be unital inclusions of MF-algehras. Suppose that 
T> is a finite- dimensional abelian C*-algebra generated by a family {zi, Z2, ■ ■ ■ zi} of 
self-adjoint elements, and A is generated by a family {xi, X2 ■ ■ ■ ,z\,zi,--- zi} of 
self-adjoint elements, B is generated by a family {yi,y2,-'- , zi, Z2, ■ ■ ■ zi} of 
self-adjoint elements. Let ip : A^B — > B {%) be a faithful representation of the 

full amalgamated free product A*B on a separable Hilbert space %. Assume that 
there is a sequence {fcnlj^i of integers with unital embeddings 

oo oo 
qi-.A^Yl A^fe„ (C)/^Xfe„(C), 
n— 1 n—1 

and 

oo oo 

q2 :B^Y[ A^fc„(C)/^Xfe„(C) 

n—l n—1 

such that Qi {zi) = q2 {zi) for each 1 < i < I. Also assume that, for a large 
enough r G N, 

m,--- ,^2.} cCq (Xi,..- ,X,,Zi,..- ,Zz) 
with {Xi, • • • ,Xr,Zi, • • • ,Z;} C {Pi, • • • ,P2r} ,and 

{Ql, • ■ • , Q2r} C Cq (Yi, • • • ,Yr, Zi, • • • , Z;) 

with {Yi, • • • , Yr, Zi, • • • , Z;} C {Ql, • • • , Q2r} ■ Then there are sequences 

{^m,r}^_i o/ operators in B{T-L) for each z £ N, and a sequence {Ci^i.rl^-iO/ 
operators in B {%) for each j S {1, ■ • • , /} such that 

I ll-fs (-^m,n ' ' ■ I ^m,rJ ^m,rJ ' ' ' i j.) 11 — \\Ps {xi, ' ' • , Xr, Z\, ' ' ' , 2;)|| I < — — , 

(5.1) 



18 



I \\Qs {Fm,n ■ ' ■ -^m,n ^m,n ' ' ' i ^m.r) || \\Q s iVlj ' ' ' tUv, Zi, ■ ■ ■ , Z;) || | < 

(5.2) 

for each 1 < s < 2r, m G N. FFe also have that C* (i?m,r; ' ' ' j -^m,r: ' ' ' i ^m.n ' ' ' ' Gm,r) 
is an C*-algebra for each m gN, and 

Eln,r as m ~^ oo in *-SOT for i e N; (5.3) 

Pm,r f{Vi) as m ^ oo in *-SOT for i e N; (5.4) 
G'm.r ~^ as m oo in *-SOT for j £ {1, • • • ,1} . (5-5) 

Proof. Without loss of generality, we suppose that zi, - ■ ■ zi are orthogonal 
I 

projections with ^ = / and 

1=1 

II^^jII = WViW = 1 for each i e N. 

From Lemma [STTl we may assume that for each zgN, •••,?}, there are 

families 

, A^, • • • } , {D\^, D1J\ • • • , Un and {Sf, i?^ , ' • • } C (C) 
for each km G {^nlj^i satisfying 

hm \\P{AT,Air...,DT,--- ,Dr)\\ = \\P{xi,X2...,z,,--- ,zi)\\ (5.6) 
for any F £ Cq (Xi, X2 • • • , Zi, • • • Z;), and 

hm \\QiBr,Bl^\..,DTr-- ,Dr)\\ = ljQ(yi, ■ • ■ , ^1, ■ • • , ^z)|| (5.7) 

for anyQeCQ (Yi,Y2,--- ,Zi,---Zi). 

If r is large enough, we can assume that DY\D™, ■ ■ ■ ,-D™ are orthogonal 
projections with X]j=i ^ ^ ^ (C) for m > r by Lemma 15.31 If 

{-Pi,-- - ,P2r}cCQ (Xi,--- ,X„Zi,--- TZ;) satisfying 

{Xi,..- ,X,,Zi,... ,Z,} C {Pu--- ,P2r} (5.8) 

and {Qi,--- ,Q2r} C Cq (Yi,--- ,Yr,Zi,-- - ,Z;) satisfying 

{Yi,... ,Y,,Zi,... ,Z,}c{Qi,-- - ,Q2.}, (5.9) 
then there is an integer Nr such that, for A, (N,.) = J] ^ii^t (Nr) ^ Jl 
for each z £ N and Dj {Nr) = JJ ^'^^ J £ {Ir - - , , '^e ^lave 

|||P,(Ai (TV.),--- ,A,(iV,),i?i (iV,),--- ,A (A^r))!! - ||Ps(a^i,--- ,Xr,Zi,--- ,Zi)\\\ < ^ 

Zr 

(5.10) 



19 



for each 1 < s < 2r by (|5.6p . and 

I WQt (Bi {Nr) ,---Br (Nr) , 7^1 (iV,) , • • • , Di {Nr))\\ - WQt (yi, • • • , ^1, • • • , zi) 

(5.11) 

for each 1 < i < 2r by (|5.7p . Combining with (|5.8p and (|5.9p . we have 



and 

Let 
and 



||^»(A^r)|| < 1 + — for 1 < i < r (5.12) 
2r 

\\B,{Nr)\\<l + ^forl<i<r (5.13) 
2r 

||A(A^r)|| < 1 + t;^ for 1 < i < /. (5.14) 
2r 



^jv. = C*(Ai(iV,),A2(7V,)-- - ,7?i(7V,),-- - ,A(A^r)) 



be C*-algebras in -^fer (C) ^'^d 

Pat,, =C*(i?i(7V,),-- - ,Di{Nr)) 

be unital finite-dimensional C*-subalgebras of An,, and ^Bat^. 
Since 



\\P{A,{Nr),A2{Nr)--- ,D,iNr),--- ,DiiNr))\\ 



n ^fc.(c) 



= sup \\P{AlA^--- ,Dt--- ,D^)\\ > \\P{xuX2--- - ,zi)\\a*b 

for any P G Cq (Xi , X2 • • • , Zi , • ■ • , Z/) , and 
||Q(Si(7V,),i32(7V,)... ,i?i(iV,),... ,Di{Nr))\\Yl^^^^^^ 

= sup ||Q(Sj=,B2*-- - - (c) ^ IIQ(2^i'y2--- ,21,- •• ,zz)IU,B 

for any Q G Cq (Yi, Y2 • • ■ , Zi, ■ • • , Z;), there are *-homomorphisms 



such that {A, {Nr)) = ^ (x,) , {B, (Nr)) = if {yi) and (D^ {Nr)) = 
pff^ {Dj {Nr)) = ip {zj) for i G N and j G {1, ■ ' • , ^} by Lemma Ol It foUows 
that there is a *-homomorphism 

Pn - An,. * Bn,.^^[A*B 



20 



satisfying {Ai (Nr)) = ip {xi) and pjv, [B^ {Nr)) = ip {y{) as well as {Nr)) = 

tf [zj) for each i S N and j S {1, •••,/} . We also know that An^ * -Bat^ is an 

RFD C*-algebra by Theorem O 

Let T^N-r '■ ^N-r * Bat^ — B ('Hat^) be a faithful essential representation of 

^Afr * ^N,.- Then ttat^ i ^jv^ * Bn,. ) is an RFD C*-algebra and 



TTAT, (^^A'. ^* = C* (ttjv, (Ai (A^,)) , • • • , ^a,, (Si (TV,)) , • • • , (TV,) , • • • , A (iV,)) . 

(5.15) 

Since 

rank (TTN^ix)) > rank {pn^ (x)) 
for every x G An,. * ^Sa?^ , Lemma [5.2l imDlies that there is a sequence of unitary 

operators B{H,'HNr) such that 

(a;) = Hc-S-OT- lim i7^-*7rAr„ (x) t/,^" (5.16) 
for each x E An,. * Bn^- So, for i G N and j e {1, •••,/}, if we put 

Ka,r = U^''*^N,. {A, {Nr)) U^" , (5.17) 

Fkr = U^r^N,. (B, (TV,)) U^- (5.18) 

and 

G^n.r - U^^^TTN,. [D , {Nr)) U^^ , (5.19) 

then, for every m G N, z G N, j G {1, • • • , /}, we have 

||P (£;!,„■ •• ,£;;,,„G^,„--. ,GL,,)|| = \\P{A, {Nr),--- ,Ar{Nr),D, {Nr),---,Di {Nr))\\, 

(5.20) 

for every P e C {Xi, X2, - - - , Zi, ■ ■ ■ , Zi) , and 

\\QiF^,r:---F:^.r:Gl^r,--- ,GLr)\\ = (A^r) , ' ' ' B. (iV,) , Di (iV,),--. ,A (iV.))|| 

(5.21) 

for every Q e C {Yi,Y2, ■ ■ ■ , Zi, ■ • ■ , Z/) . It follows that, for each G {Pi, • • • , P2r} C 
Cq (Xi, • • • , Xr, Zi,-- ■ , Z;) and each Qt G {Qi, • • • , Q2r} ^ Cq (Yi, • • • ,Yr,Zi, - ■■ , Zi) 

I (-E'm,ri ' ■ ' I Fjm^^r^ ^m,rJ ' ' ' i '-'m.r) || ~ ll^s (-^li ' ' ' J 2;,, Zi, ■ ■ ■ , Zl) || | < — , 

\\\Qt iFLrr--F^,r^Gl^.,rr-- >G5„,r)|| " IIQt iVir - ' ,yr,Zi,--- , Zi)\\ \ < 

for each to G N by (ISlTO . (ISHI) . and (15:201) . (15311) . Since C* (S^ • ■ • , P^,^,, • • • , G,i„_„ • • • , G5„_,) 
is *-isoniorphic to the C*-algebra 

C* {ttn,. {Ai {Nr)) , ■ • • , TT^^ (Pi (TV,)) , • ■ • , Pi (TV,) , • • • , A (TV,)) , 



21 



we have 

is an RFD C*- algebra for each m e N. We also get 

^In^r fi^i) as r7H> 00 in *-SOT for i e N; 
^m,r viVi) as TO ^ 00 in *-SOT for i e N; 
Gm,r as m 00 in *-SOT for j e {1, ■••,/} . 

by (EUl), (mZl), and ^M- ■ 

The next proposition is a key ingredient for proving our main theorem in 
this subsection. 

Proposition 5.1 Let AZ) V C B be unital inclusions oj MF-algehras, where T> 
is a finite- dimensional abelian C*-algebra. Let if : •A.*B B {%) be a faith- 
ful representation of the full amalgamated free product A*B. Suppose that 

T) is generated by a family {zi, Z2, ■ ■ ■ zi} of self-adjoint elements, A is gen- 
erated by a family {xi,X2--- , zi, Z2, ■ ■ ■ zi} of self-adjoint elements and B is 
generated by a family {yi,y2,-'- , zi, Z2, • ■ • zi} of self-adjoint elements. Sup- 
pose that there is a sequence {fcnj^i of integers with unital embeddings qi : 
00 00 
^ UZi Mk„ (C)/ E Mk„ (C), and q2 : B ^ UZi >'fc„ (C)/ E Mk„ (C) such 

n—l n—1 

that qi (zi) = (72 (zi) for each 1 < i < I. Then there is a sequence {^mlm^i of 
integers such that, for each tr € {Un}^^! > there exist sequences 

{XI, X;,---}, {Y[, Y;, ■■■} and • • • Z;} 

in Mtr (C) and a unitary operator Wr '■ % — )■ (C*' )°° satisfying 

W; (Xr)*°°^ Wr-^if {xi) in SOT asr ^00 fori eN 
W; {Y[f°^^ Wr^Lp iy^) in SOT asr ^00 fori eN 

and 

W* Wr^ip (z,) in SOT asr ^00 fori £{!,■■■ , 1} 

as well as 

\\Pixi,X2,--- ,z^,---zi)\\^ hm \\P{XIX;,--- ,Z{,--- ,Zl)\\ 

r— ^00 

\\Qiy,,y2,--- ,z,,-- -21)11= lim \\Q {Y[ ,Y,\ ■ ■ ■ , Z^, ■ ■ ■ , Zl)\\ 

for any P e Cq (Xi, X2 ■ • • , Zi, • • ■ Z;) and Q e Cq (Yi, Y2 ■ • • , Zi, • • ■ Z;}. 

I 

Proof. Suppose zi, - ■ ■ zi are orthogonal projections with J2 Zi = L and 

i=l 

— WUiW ^ 1 fo'" each i G N. 
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Assume {ei, 62, • • • } is a family of orthonormal basis of TL. With notations as in 
Lemma lS^ for a large enough integer r and a subset {ei, • • • , e^} Q {ei, 62 • • • }, 
there is an integer M such that, for 1 < i < r, j e {1, • ■ • , /} and 1 < fc < r 



\E\,j^ek - ^{xi)ek\\ < — 
\ , " Zr 



and 



|^M,refc -^(%)efe|| < 



< 



2r 
1 

2^' 



(5.22) 
(5.23) 

(5.24) 



Note that {E'],^ iJf^ • • • , G^^ G^^,,} is a family of self- 

adjoint elements in B {T-L) from the proof of Lemma WM So, by Lemma [3^2] and 
the fact that G* (£^m^^, -Bf^^^, • • • , F]^^^, • • • , G]^,^ • • • G\,j_^) is a QD algebra 
(actually it is RFD C*-algebra), there is a projection Vr G S(H) such that, for 
I <i <r, j &{!,■■■ ,l},l<k<r. 



|efc - VrCkW < 7- 
br 



and 



'PrEljj.Vrek 




< 






< 






< 



1 

6r 
1 

6r 
1 



(5.25) 

(5.26) 
(5.27) 
(5.28) 



as well as 



I II-P5 {'PrEll^^Vr, •■■ , PrEli^^Vr, VrG\,j^'Pr, ' ' ' VrG^j^Vr) || - \\Ps {E\j,., ■ ■ ■ E^j^^, G\.i^^, ■ ■ ■ G^j 

(5.29) 



< — for 1 < s < 2r, 
2r - - : 



1 



< 



2r 



for 1 < t < 2r. 



(5.30) 



By dOni), (|53T|) and (|5:29l) . (fOO]) . we have that 

||Ps (VrE^j j-Vr: • • • , VrE^.j j.Vr, VrG\j j,'Pr, ■ ' ' VrG^j j.T'r) \ 

- \\Ps (Ai (TV.) , • • • , A, (TV,) , Gi (iV,) , • • • G, (iV,))|| I 

< — for 1 < s < 2r 
2r - - 



(5.31) 
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I \\Qt {j^rFll/Pr, • • • , T-'rFllj.Vr^'PrG\.fj.Vr^ ■ ' • VrG^j^Pr 
WQt {Bi (Nr) ,- -Br (Nr) , Ci (Nr) ,---Cl (iV,))ll 
1 



< 



2r 



for 1 < < < 2r. 



(5.32) 



Let tr = diiaVrU and Wr ■ VM 



be an unitary. Putting = WrVrE\i ^VrW;, 



Yf = WrVrFlj^VrW; foT t E N a nd ZJ ^ WrVrG\j ^VrW; for J e {1, • • • , ^} , 
and combining dSSI]), ([QS]) and ([SlOli . ([SHIl . we have 

iiigay-:,--- >^r)ii-iiQt(yir-- ,^i\\\<\ (5.34) 

for 1 < s, t < 2r. Hence we can find a unitary Wr : H — > (C*"^)"" such that Wr is 
unitary equivalent to {WrY° and WrT'r = Wr- It fohows that, for I < i < r, 
i G {1, ■ • ■ , /} and 1 < fc < r, we have 

\\w: (x';r Wrct - £;„,ei|| < iiw; {x;r \\et - p,ei\\ + \\w; {x',rWrV,.et - £;„,«! 

<ri+iu 

2r / 6r 
^ 2r ) 6r 



W: [WrPrEl,^,PrWr* ] WrBk " E'^^Ck 
VrE\,j rPrS-k — E\,j^^ek 



< I 1 — ^ — + — < — 

~ 2r I 6r 6r 2r ' 



and II (Xir WrCk - n/,refe|| < 



< 



1 

2^' 
1 

2^ 



(5.35) 

(5.36) 
(5.37) 



by the definition of Y[ and and ([QS]) . dJ), ([T]) and (P). Combining the 
inequahties from above with (|5.22p . (|5.23p and (|5.24p . we have, for 1 < i < r, 
j G {1, • • • , /} and 1 < fc < r. 



\\w; ix:r 


WrCk 


~ ip{Xt)ek\\ 


< 


\\w:iY[r 


WrCk 


- f iVi) e/cll 


< 


\w; {z])°° 


WrCk 


- ip{zj)ek\\ 


< 



Therefore 



Wr^XD^^'^^Wr^^ix,) 

W:{Yn'^^^Wr^^{y.d 



in SOT as r — )> oo 
in SOT as r — ?> CXD 
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W; (Z^) Wr-^ip (zj) in SOT as r ^ C50 
for i eN, j e {!,■■■ ,1} and 

\\P{x,,X2,--- ,z,,--- ,zi)\\ = lim ||P(X[,X2^••• 

r— >-oo 

||g(2/i,2/2,--- ,^011 = lini \\QiY{,Y,-,--- ,Zl--- ,Zl)\\ 

r— >-oo 

for any P e Cq(Xi,X2-- - ,Zi,--- ,Z,) and Q e Cq(Yi,Y2--- ,Zi,--- ,Zz) 
as desired. ■ 

Now we are ready to show our main result in this subsection. 

Theorem 5.1 Let A andB be unital MF-algehras andV be a finite- dimensional 
C*-algebra. Suppose ipi : T) ^ A and -02 '■ ^ B are unital embeddings. 
Then A*B is an MF algebra if and only if there are unital embeddings qi : 

oo oo 

^^UZiMkAQ/EMkA'C) andq2 : B ^UZi-MkA'^)/ E MkAQ for 

n—1 71—1 

a sequence {kn}^^i of integers such that the following diagram commutes 



2? ^ A 

s ^ n™=i-Mfe,„(c)/EXfe,„(c) 

Proof. If A*B is an MF algebra, then there is a unital embedding 



^:A*B^l[ A^fe„(C)/X]>lfc„(C) 



for a sequence {fcraj^i of integers. Let qi and (72 be the restrictions of $ on ^ 
and B respectively. Then the above diagram is commutative. 
Conversely, suppose V, A and B are generated by families 

{zi,--- ,zi}, 

{xi,X2--- jV'i (^i),--- ,-01 (2:/)} 

and 

{yi,y2,--- ,-02 {zi),--- ,-02 (zi)} 

respectively with ||a;i|| = ~ \\zj\\ = 1 for each i e N and j G {1, • • • , /}. By 

Remark 14. 1[ we may assume that 2? is a finite-dimensional abelian C*-algebra 

I 

and zi, ■ ■ ■ zi are orthogonal projections with ^ 2^ = /. Without loss of general- 

1=1 

ity, we may assume that -^^S is generated by a sequence {xi,X2 ■ ■ ■ , J/i , 2/2 ■ • • , •zi , 
Let (f : A*B B (H) be a faithful representation of full amalgamated free prod- 
uct -A^B. Applying Proposition lS.H there is a sequence {tm}m=i of integers such 
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that, for each f,. £ {tm}m=i ' there exist sequences {XI, X2, ■ ■ ■} , {Yi , ^ ' ' '} 
and {Zl, ■ ■ ■ , Z2} in M.^^ (C) and a unitary operator Wr : H (C*'')°° such 
that 

W; Wr^ip {xi) in SOT as r 00 for i e N 

W* {Y[)''°°^ Wr^if ivi) in SOT as r 00 for i e N 

and 



W; (Z;) (^j) in SOT as r ^- oo for j e {l, • • • , 1} 

as well as 

\\P{x^,X2,--- ,Zi,Z2,---)\\ = lim ||P(X[,XJ,... 
\\Qiyi,y2,--- ,zi,Z2,---)\\= lim ||Q (yl^y2^ • ■ • ,Zr, • • • ,Z[)|| 

r— >-oo 

for any P G Cq(Xi,X2-- - ,Zi,--- ,Z;) and Q e Cq(Yi,Y2-- - ,Zi,--- ,Z,). 
Therefore, we can define unital embeddings 

qi:A^UMu (C)/E^t. (C) 

and 

q2:B^YlMu iC)/EMu (C) 
sothatqi(x,) = ,51(^1 (z,)) = [(ZJ)] ,andq2(yi) = [(V"/)] , ^2(^2 (^^0) = 

[(Zj)] for i £ N,j £ {!, - ■ ■ ,1} . Prom the definition of full amalgamated free 
product, there is a *-homomorphism 

^:A*B^UMu {Q/EMu (C) 

such that = [{XI)] , = [{¥{)] , $(zj) = [(Z;)] where i £ N and j G 

{!,••• , Z} . Furthermore, for any *j G Cq (Xi, X2 • • • , Yi, Y2 • • • , Zi, • • • , Z;) , 
we have 

II*. {[{XI)] , [(xj)] • • • , [{Y{)] , [(r2n] • • • , [(^[)] , • • • , [(^z'-)])ll 

= lim sup 11*, {XI, Xl-.-, Y{, Y{.-. ,,Z[,-.- , Z[)\\ 

< {xi,x2 ■■■ ,yi,y2--- ,zi,--- ,^i)IU*B ■ (5-38) 

■D 

Meanwhile, 

*j (vk; w„ • • • , w; (^1'')°° Wr,-- - , w; • ■ • , (z[)~ w^) 

^ *j (xi,X2 • • • ,yi,?/2 • • • ,^1, • • ■ in SOT as r cx), 
and therefore 

hminf II*, {XI, XI---, Yl, Y^ - - - , , Zl, - - - , ^r)||M,^(c) 

= hminf 11*,- {w; (x[)~ Wr,---, w; {Y[)^ Wr,---, w; (z[)°° Wr,---, w; (zr)~ Wr) 

r^oo 

> ||*,(xi,a;2-- - ,yi,y2--- ,zi,--- ,^;)IU*b- 

■D 

(5.39) 
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Combining and it follows that 

r— f oo 

for any 5* e Cq (Xi, • ■ • , Yi, • ■ • , Zi, • ■ • , Zj) . Then <i> is a unital injective *- 
homomorphism. It follows that is an MF algebra. ■ 

The following corollary is an easy consequence of Theorem 15.11 



Corollary 5.1 Let A be an MF algebra and V be a finite- dimensional C*- 
algebra. If there is a unital embedding q : V A, then A* A is an MF algebra 

with respect to the embedding q. 

Applying Theorems 15. 1[ we can obtain the following result. 

Proposition 5.2 Let A and B be unital MF algebras and let V be the direct 
sum of n copies of the set of all complex numbers, that is, 

2? = c©c©---ec. 

Suppose : T> ^ A and t/'g : T> ^ B are unital embeddings. If 7/;^ and ■f/'g 
can be extended to unital embeddings ijjj^ : Ain (C) A and ip^ : A4n (C) — > B 
respectively, then A*B is an MF algebra. 

Proof. Let 

-Bi = l©0®---©0,i;2 = 0©l®0©---®0,---,i;„=0©0®---©0©l 

in T>. Then V —CEi + • • • + CEn- Suppose C*-algebras A and B are generated 
by families 

{xi,X2--- ,ip_^{Ei) ,■ ■ ■ ,ip_^{En)} 
of self-adjoint elements and 

{yi,2/2 • • • ,-0^ {El) , • • ■ , V'e (En)} 

of self-adjoint elements respectively. Without loss of generality, we may assume 
that A and B can be embedded as unital C*-subalgebras of nm=i -^^m (*^) / -^fcn 
respectively, for a sequence {km}m=i integers with sequences 

{AT,A^, ■■■}, {Cr, • • • , C;"} and {S^ , • • • } , {D[^, • • • , i?™} C A^^^- (C) 
for each k„i G satisfying 

lim ||P(Ar, A™ . . . , Cr, • • • , CDII = \\P{xi,X2 ■■■ (El) r--,i'A (£^n))|| 
for any P G Cq (Xi, X2 • ■ • , Zi, • ■ • , Z„), and 

lim iiQ(i?r,^2"---,^r,-- - ,i5")ii-iiQ(2/i,y2-- - ,^g(i?i),--- 
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for any Q S Cq (Yi, Y2, • • • , Zi, • • • , Z„) . Since the images of 1/'^ (Ei) , • • • (En) 
under the embedding from A to 11™=! -Mfe,„ (C)/ E -^fe™ (C) are [(C™)] , • • • , [(C™)] 
and can be extended to a unital embedding V'^ : Mn (C) — > ^, it follows that 
there are partial isometries [{V^"")] , ■ • • , [(F™)] in 1]™=! -Mfe™ (C)/ E (C) 
such that [(K"*)]* [(K™)] = [(Cr)] and [{V,"")] [(K")]* = [(CT)] for each s € 
{1, ■ • • ,ri}. By Lemma l5.3i we may assume that, C™ G A4fc„(C) is a pro- 
jection for each m £ N and s G {I,-- - We may conclude further that, 
when kjn is large enough, V^" is a partial isometry such that VJ^*VJ^ = 
and t/"!/;"* = for 1 < s < n in Mk,^ (C) by Lemma ESI So it follows 

n 

that cr is equivalent to C™ in A^fc„(C) for 1 < s < n and CT = I, 

" s=l 

(jrn,(jm _ g \ < i ^ j < n. Similarly, we can assume that Z?™ is a projection 
in A4fe„(C) for 1 < s < n. When fc^ is large enough, we conclude that 
is equivalent to for each 1 < s < n, X^Li = I and D^D™ = as 
\ < i ^ j < nva A^fe^(C). Hence, there exists an integer K such that, for each 
fc„ > K, there exists a unitary C/™ e TWfe^ (C) satisfying U'^C^U"'* = Df 
for each s e {1,2,-- - , n} in Alfc^(C). It follows that there is a unitary 
nun] e n™=i>'fc™(C)/E-^fc^(C) satisfying [(t/™)] [(CD] [(«7™)]* = [A™] 
for 1 < i < n. Now wc define embeddings 



n ■^fc..(c)/E>'fc„(c) 



m — 1 



so that (x,) = [(C/™)] [(A™)] [(C/™)]* for z G N, <?i (^^ (z,)) = [(A")] for 
1 < j < n and 

m— 1 

so that (72 {y^) = [(Br)] for « e N, 92 (^e (^.)) = )] fo^l < j < n. It is 

clear that the following diagram is commutative 

V ^ A 



So is MF by Theorem EIH 



5.2 "D Is An Infinite-dimensional C*-algebra 

In this subsection, we consider the case when V is an infinite-dimensional C*- 
algebra. More precisely, we consider the case when V can be written as a norm 
closure of the union of an increasing sequence of C*-algebras. 

Theorem 5.2 Suppose that A^T) <~ B are unital inclusions of unital separable 
C*-algebras and {2?^}^]^ is an increasing sequence of unital C* -subalgebras of 
V such that Ufe>iX'fc is norm dense in V. Let A*t> B and A *T>k ^ for k > 1 be 
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the unital full free products of A and B with amalgamation over T) and 2?^ for 
k>l respectively. If A *-Dk B is an MF algebra for each k > I, then A*t> B is 
an MF algebra. 

Proof. Note that A, B and T) are unital separable C*-algebras. We might 
assume that {a;„}„eN ^ A, and {yn}nen ^ B are families of generators of A 
and B respectively. 

Assume that a : A ^ A *'d B and : A ^ A *-Dk ^ ^^'^ natural unital 
embeddings from A into A *v B and A *Vk respectively, for each fc > 1. 
Assume that p : B A*vB and pj. : B ^ A*v^:B are natural unital embeddings 
from B into A*v B and into A *Vk respectively, for each fc > 1. 

Consider the unital C*-algebra 

Y[A*v, B/Y,A*v, B. 

k>l k>l 

From Corollary 3.4.3 in ^ and the fact that, for each fc > 1, A*T>k B is an MF al- 
gebra, we know that every separable C*-subalgebra of J^^.^^ A*t>B/ nfc>i -^^Vk 
B is an MF algebra. Let 

an = [{cJkixnM ^\{A*v,B/Y,^ B, V n e N 

k>l k>l 

and 

bn = [iPkiyn))k] eY[A^v,B/J2-A*v,B, Vne N. 

k>l k>l 

Let Q be the unital C*-subalgebra generated by {a„,6„}„gN in nfc>i'^ ^'Ok 
B/ Efc>i -4 B. Thus Q is an MF algebra. 

Next we shall show that there is a ^-isomorphic from Q onto A *v B hy 
sending each a„ to (t(x„) and 6„ to p{yn)- This will induce that A*t>B is also 
an MF algebra. In order to obtain such ^-isomorphism from Q onto A *t> B, it 
suffices to show that V iV e N and V P £ C(Xi, . . ..X^, Yi, . . -Y^) , we have 

||P(cr(xi),--- - ,p{yN))\\A*-r,B 

By the definition of full amalgamated free product, we know, for each fc > 1, 
there is a *-homomorphism from A^Vk B to A*t>B, which send cr/c(a;„) to <7{xn) 
and PkiUn) to p{yn) respectively, for every n G N. Hence 

||P(cr(xi),-- - ,a{xN),piyi),--- ,p(yjv))IU*^e 
< \\P{(Jk{xi),- ■ ■ ,crk{xN),Pk{yi),- ■ ■ ,Pk{yN))\\^^^^i3 forallfc>l 

and, consequently, 

\\P{<^{xi),- ■ ■ ,a{xN),p{yi)r ■ ■ , p(2/Jv))IU*i,b < ll-P(ai,--- ,aw,6i,--- ,foAr)|| j| 

fc>l 

(5.41) 
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We will show that [{ak{z))k] = [{Pk{z))k] for every z G V. Suppose z G V 
and e > 0. Then there exist a positive integer p and an element Zp in Vp such 
that \\z — ZpW < e. Since {'Dk\k is an increasing sequence of C*-algebras, we 
know that Zp G Dk for k > p. It follows that [{(Tk{zp))k] = [{pf;{zp))k]. So, 

||[((7fc iz))k] - [{Pk iz))k]\\ Yi a*^,b/j:.>,a*^,b 

k>i 

limsup||crfe(z)-pfe(z)||_4 

k 

< limsup(||crfc(z) - (Tk{zp)\\_^^^ g + \\ak{zp) - Pk{zp)\\j^^^ g + \\Pkizp) ~ Pki 

k ^ ^ 

< 2e for aU e > 0. 

Thus we obtain that [{ak{z))k] = [{Pk{'^))k]- 

Now it follows from the definitions of full amalgamated free product and of 
the C*-algebra Q, together with the fact that [{<Tk{z))k] = [{Pk{^))k] for every 
z e 2?, we know there is a *-homomorphism from A B onto Q, which maps 
each a{xn), p{yn) to a„,6„ respectively for n G N. Therefore, 

\\P{a{xi),--- ,cr(xAr),p(yi),--- ,p{yN))\\A*T,B 

> \\P{ai,--- ,aN,h,--- ,bN)\\YlA,^^t,/j2,>,A*^^B (5.42) 

Now equation ([ij follows easily from inequalities ()5.4ip and ([T]). This ends 
our proof. ■ 

Once we get the preceding theorem, we are ready to consider the case when 
V is an AF algebra. The following theorem is an analogous result to Theorem 

Theorem 5.3 Suppose that A D T) C B are unital inclusions of unital MF 
algebras where V is an AF algebra. Then the unital full free product A*v B of 
A and B with amalgamation over V is an MF algebra if and only if there is a 
sequence of positive integers {nfej^i such that the following diagram 

DC A 

n n 

B C UMnAC)/EkMnAC) 
k 

commutes. . 

Proof. If A*vB is MF, there is a sequence of positive integers {nk}^^i such that 
the following diagram commutes automatically. For another direction, suppose 
there is a sequence of positive integers {nk}^i such that the following diagram 

DC A 

n n 

B c UMnA<C)/EkMnAC) 

k 
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commutes. Note that V is an AF algebra, therefore there is an increasing 
sequence of unital finite-dimensional C*-subalgebra {'Dp\p>i of V such that 
VJpVp is norm dense in T). By the choice of each Dp, we know that the diagram, 
for each p > 1 , 

VpC V <Z A 

n n 

B c n-^",(C)/EfcXn.(C) 

k 

commutes. By Theorem 15. 1[ we obtain that A*v B is an MF algebra for each 
p>l. Now it follows from Theorem 15.21 that A*vB \s an MF algebra. ■ 

Since every AF algebra has a faithful tracial state, we are able to consider 
the case when A, B and V are all AF algebras and give a sufficient condition in 
terms of faithful tracial states. 

Theorem 5.4 Suppose that A D T) C B are unital inclusions of AF C*- 
algebras. If there are faithful tracial states Tj{ and tjs on A and B respectively, 
such that 

■ta{x) ^ tb[x), V X G 2?, 
then A*T> B is an MF algebra. 

Proof. Assume that {xn}'^=i C A, {yn}'^=i ^ B and {zn}^^i C V are families 
of generators in A, B and V respectively. Note that A, B and V are AF algebras. 
For each N gN, there are finite dimensional C*-subalgebras 2?jv ^ D, An ^ A 
and Bn Q A such that 

max {dist{xn,AN),dist{yn,BN),dist{zn,'D]\f)}<— (5.43) 

l>n<A^ A* 

and 

y^AT D Djv C Bn (5.44) 

Note that r^(2;) = Tg(x), V x e 2?. From the argument in the proof of Theorem 
4.2 [I], there are rational faithful tracial states on An and Bn such that their 
restrictions on Vn agree. This implies that there is a positive integer fcjv such 
that 

Mk^ (C) D Aj^D VnQ BnQ Mk„ (C). (5.45) 

Combining 15.431 15.441 and I5.45| we know that there is a sequence of positive 
integers {fcAf}?/=i such that the diagram 

DC A 

n n 

B c UMkAC)/ENMkA'C) 

N 

commutes. By Theorem 15.31 we obtain that ^ *-p S is an MF algebra. ■ 

It is well-known that the tracial state on each UHF algebra is unique. There- 
fore we can restate Theorem 15 .41 when A, B are both UHF algebras and D is an 
AF algebra. A necessary and sufficient condition can be given in this case. 



31 



Corollary 5.2 Suppose that A^T> C. B are unital inclusions of C*-algebras 
where A, B are UHF algebras and V is an AF algebra. Then A*B is an MF 

algebra if and only if 

TA (z) = Tg (x) for each z dV, 

where and Tg are faithful tracial states on A and B respectively. 

Proof. From the fact that every MF algebra has a tracial state and the tracial 
state on UHF algebra is unique and faithful, one direction of the proof is obvious. 
Another direction is followed by applying Theoreni l5.4l ■ 
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